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Abstract
This work is a continuation of our previous work (Kong, J. Differential Equations 188 (2003)
242–271) “Global structure stability of Riemann solutions of quasilinear hyperbolic systems of
conservation laws: shocks and contact discontinuities”. In the present paper we prove the global
structure instability of the Lax’s Riemann solution u = U(xt ), containing rarefaction waves, of
general n × n quasilinear hyperbolic system of conservation laws. Combining the results in
(Kong, 2003), we prove that the Lax’s Riemann solution of general n×n quasilinear hyperbolic
system of conservation laws is globally structurally stable if and only if it contains only
non-degenerate shocks and contact discontinuities, but no rarefaction waves and other weak
discontinuities.
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1. Introduction
This work is a continuation of our previous work [8] “Global structure stability of
Riemann solutions of quasilinear hyperbolic systems of conservation laws: shocks and
contact discontinuities”. As in [8], we still consider the following quasilinear system
of conservation laws:
u
t
+ f (u)
x
= 0, (1.1)
where u = (u1, . . . , un)T is the unknown vector function of (t, x), f: Rn −→ Rn is a
given C3 vector function of u.
Suppose that on the domain under consideration, the system (1.1) is strictly hy-
perbolic, i.e., the Jacobi matrix A(u) = ∇f (u) possesses n distinct real eigenvalues:
1 (u) < 2(u) · · · < n (u) . (1.2)
For i = 1, . . . , n, let li (u) = (li1 (u) , . . . , lin (u)) (resp. ri (u) = (ri1 (u) , . . . , rin (u))T )
be a left (resp. right) eigenvector corresponding to i (u). Without loss of generality,
we may suppose that on the domain under consideration
li (u) rj (u) ≡ ij (i, j = 1, . . . , n), (1.3)
rTi (u) ri (u) ≡ 1 (i = 1, . . . , n), (1.4)
where ij stands for the Kronecker’s symbol.
Clearly, all i (u), lij (u) and rij (u) (i, j = 1, . . . , n) have the same regularity as
A (u), i.e., C2 regularity.
Suppose furthermore that on the domain under consideration, each characteristic is
either genuinely nonlinear in the sense of Lax (cf. [9]):
∇i (u)ri(u) = 0 (1.5)
or linearly degenerate in the sense of Lax:
∇i (u)ri(u) ≡ 0. (1.6)
Contrary to [8], in this paper we are interested in the global structure instability
(in the sense of Deﬁnitions 1.1–1.2 in [8]) of the similarity solution of the Riemann
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problem for the system (1.1) with the following piecewise constant initial data:
t = 0 : u =
{
uˆ−, x0,
uˆ+, x0,
(1.7)
where uˆ± are two constant vectors satisfying
uˆ− = uˆ+. (1.8)
Let
 = |uˆ− − uˆ+|. (1.9)
When  > 0 is suitably small, by Lax [9], the Riemann problem (1.1), (1.7) admits a
unique similarity solution u = U(x
t
) with small amplitude. This solution consists of at
most n + 1 constant states uˆ(0) = uˆ−, uˆ(1), . . . , uˆ(n−1), uˆ(n) = uˆ+ separated by shocks,
centered rarefaction waves (corresponding characteristics are genuinely nonlinear) or
contact discontinuities (corresponding characteristics are linearly degenerate). As in [8],
this kind of solution is simply called the Lax’s Riemann solution of the system (1.1).
For the similarity solutions of the Riemann problem of general quasilinear hyperbolic
systems of conservation laws, the local nonlinear structure stability has been proved
by Li and Yu [11] for one-dimensional case, and by Majda [14] for multidimensional
case. If the system (1.1) is strictly hyperbolic and genuinely nonlinear, Li and Zhao
[12] proved the global structure stability of the similarity solution containing only
n shocks. In their work they do not require the amplitude of the similarity solution
is small, although the existence of similarity solutions with non-small amplitude still
remains open. If the system (1.1) is strictly hyperbolic and linearly degenerate, Li and
Kong [10] proved the global structure stability of the similarity solution with small
amplitude. In this case the similarity solution contains only n contact discontinuities.
Since both genuinely nonlinear system and linearly degenerate system are only two
extreme cases, many physical systems (for example, the system of one-dimensional
gas dynamics, the system for general motion of an elastic string, etc.) do not belong
to these two cases (cf. [5]). Therefore, a general consideration is needed for general
hyperbolic systems of conservation laws. Recently, under the assumption that the Lax’s
Riemann solution of the system (1.1) only contains shocks and contact discontinuities
but no centered rarefaction waves and other weak discontinuities, Kong [8] proved the
global structure stability of this kind of Lax’s Riemann solution. However, in general
the Lax’s Riemann solution of the system (1.1) contains shocks, contact discontinuities
and centered rarefaction waves. The problem on the global structure stability of general
Lax’s Riemann solution still remains open.
In this paper, we shall study the above problem, i.e., the global structure stability
of general Lax’s Riemann solution u = U(x
t
) of the system (1.1), which may contain
shocks, contact discontinuities, particularly centered rarefaction waves. Our goal is to
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show the global structure instability of u = U(x
t
) containing at least one centered
rarefaction wave.
To do so, we consider the generalized Riemann problem for the system (1.1) with
the following piecewise C1 initial data:
t = 0 : u =
{
uˆ− + εu−(x), x0,
uˆ+ + εu+(x), x0, (1.10)
where ε (0 < ε  ) is a small parameter, u±(x) are C1 vector functions deﬁned on
x0 and on x0 respectively, which satisfy
u−(0) = u+(0) = 0 (1.11)
and
sup
x0
{
(1 − x) (|u− (x) |+|u′− (x) |)}+ sup
x0
{
(1 + x) (|u+ (x) |+|u′+ (x) |)}<∞. (1.12)
Introduce
JR
	=
{
j | j ∈ {1, . . . , n}, j − wave in u = U
(x
t
)
is a centered rarefaction wave
}
,
(1.13)
JS
	=
{
j | j ∈ {1, . . . , n}, j − wave in u = U
(x
t
)
is a shock
}
, (1.14)
JW
	= J \ (JR ∪ JS), (1.15)
where
J
	= {j | j ∈ {1, . . . , n}, j (u) is genuinely nonlinear} . (1.16)
Moreover, let
I
	= {i| i ∈ {1, . . . , n}, i (u) is linearly degenerate} . (1.17)
Then, the assumption that each characteristic is either genuinely nonlinear or linearly
degenerate gives
I ∪ J = {1, . . . , n}. (1.18)
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The main results in this paper are the following Theorems 1.1–1.2.
Theorem 1.1. Under the assumptions mentioned above, suppose furthermore that JR ∪
JW = ∅ and there exists an index i0 ∈ JR ∪ JW such that
li0(uˆ−)u−(x) ≡ 0 or li0(uˆ+)u+(x) ≡ 0. (1.19)
Then for small  > 0, there exists a constant ε0 > 0 so small that for any ﬁxed
ε ∈ (0, ε0] the ﬁrst-order derivatives of the piecewise C1 solution u = u (t, x) of
the generalized Riemann problem (1.1), (1.10) must blow up in a ﬁnite time and the
life-span T˜ (ε) satisﬁes
lim
ε→0+
(
ε T˜ (ε)
) = M > 0, (1.20)
where
M = (max{M−,M+})−1 , (1.21)
in which
M± = max
j∈JR∪JW
sup
x∈R±
{− (∇i (uˆ±) ri (uˆ±)) (li (uˆ±) u±(x))} . (1.22)
Remark 1.1. A part of waves (shocks, contact discontinuities or centered rarefaction
waves) in the similarity solution u = U(x
t
) may disappear. In this case, the conclusion
of Theorem 1.1 is still valid.
Remark 1.2. For the special case uˆ− = uˆ+ = 0 but u−(0) = u+(0), a similar result
has been proved by Dai and Kong [2].
In particular, consider the generalized Riemann problem for the system (1.1) with
the following piecewise C1 initial data:
t = 0 : u =
{
u¯− + ε˜u˜−(x), x0,
u¯+ + ε˜u˜+(x), x0, (1.23)
where u¯± are two constant vectors satisfying
u¯− = u¯+, (1.24)
ε˜ > 0 is a small parameter, u˜±(x) are C1 vector functions deﬁned on x0 and on
x0 respectively, which satisfy
u˜−(0) = u˜+(0) = 0 (1.25)
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and
sup
x0
{
(1 − x) (|˜u− (x) | + |˜u′− (x) |)}+ sup
x0
{
(1 + x) (|˜u+ (x) | + |˜u′+ (x) |)} < ∞. (1.26)
We have
Theorem 1.2. Suppose that the corresponding Riemann problem for the system (1.1)
with the following piecewise constant initial data:
t = 0 : u =
{
u¯−, x0,
u¯+, x0
(1.27)
has a similarity solution u = U˜ ( x
t
) with the leftmost (resp. rightmost) centered rar-
efaction wave, i.e., 1-centered (resp. n-centered) rarefaction wave, and it holds that
l1(u¯−)˜u−(x) ≡ 0 (resp. ln(u¯+)˜u+(x) ≡ 0). (1.28)
Then, there exists a constant ε˜0 > 0 so small that for any ﬁxed ε˜ ∈ (0, ε˜0] the ﬁrst-
order derivatives of the piecewise C1 solution u = u (t, x) of the generalized Riemann
problem (1.1), (1.23) must blow up in a ﬁnite time.
Remark 1.3. In Theorem 1.2, we do not require that |u¯+ − u¯−| is small.
Remark 1.4. For the system of one-dimensional gas dynamics, if its similarity solution
has a centered rarefaction wave, then the centered rarefaction wave must be the leftmost
or rightmost wave. Therefore, Theorem 1.2 can be easily applied to the system of one-
dimensional gas dynamics. That is, for the system of one-dimensional gas dynamics,
if its similarity solution has at least one centered rarefaction wave, then the similarity
solution must be globally structurally instable (cf. [8]).
Remark 1.5. According to the concept of global structure instability in [8], Theorems
1.1–1.2 shows that the Lax’s Riemann solution u = U(x
t
) with centered rarefaction
waves is globally structurally instable. In this case, new waves (particularly, new shocks)
will appear in a ﬁnite time (cf. [1,7]).
Therefore, combining the results in [8], we have
Theorem 1.3. The Lax’s Riemann solution of general n × n quasilinear hyperbolic
system of conservation laws is globally structurally stable if and only if it contains
only non-degenerate shocks and contact discontinuities, but no rarefaction waves and
other weak discontinuities.
Here we would like to point out that the Cauchy problem for the system (1.1) with
C1 smooth initial data has been studied by John [4], Liu [13], Hörmander [3] and
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Kong [5,6], etc. If uˆ− = uˆ+ = 0, u′−(0) = u′+(0), then Theorem 1.1 goes back to the
corresponding results given in [4,13,3,5,6].
At the end of this introduction, by a simple example, i.e., Burgers equation, we
explain the mechanism of instability of rarefaction waves. Consider the Burgers equation
ut +
(
u2/2
)
x
= 0. (1.29)
We assume that the similarity solution u = U(x
t
) of the Riemann problem (1.29), (1.27)
contains a rarefaction wave. In this case, the piecewise C1 solution of the generalized
Riemann problem (1.29), (1.23) contains a rarefaction wave corresponding to that in
u = U(x
t
) and other singularities, for example, shock waves. In fact, we consider
a Cauchy problem for Eq. (1.29) with the initial data deﬁned on x0 (resp. x0)
in (1.23). By (1.25)–(1.26), the classical solution of this Cauchy problem must blow
up in a ﬁnite time and new waves (particularly, shock waves) will appear after this
time. Therefore, the similarity solution u = U(x
t
) is globally structurally instable. In
philosophy, the global structure stability of shock wave is due to its compressibility, the
global structure stability of contact discontinuity is due to the linear degeneracy of the
corresponding characteristic ﬁled, however the global structure instability of rarefaction
wave is due to its expandability and the genuine nonlinearity of the corresponding
characteristic ﬁled.
The paper is organized as follows. For the sake of completeness, in Section 2 we
brieﬂy recall John’s formula on the decomposition of waves with some supplements
and give a generalized Hörmander Lemma. In Section 3 we ﬁrst review the deﬁnition
of centered rarefaction wave, and then derive some relations on the discontinuous
curves, which will play an important role in our proof. Theorems 1.1–1.2 are proved
in Section 4. Main conclusions of this paper and an important conjecture are stated in
Section 5.
2. John’s formula, generalized Hörmander Lemma
Suppose that on the domain under consideration, the system (1.1) is strictly hyper-
bolic and (1.3)–(1.4) hold.
Let
vi = li (u)u (i = 1, . . . , n), (2.1)
wi = li (u)ux (i = 1, . . . , n), (2.2)
where li (u) = (li1(u), . . . , lin(u)) denotes the ith left eigenvector.
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By (1.3), it is easy to see that
u =
n∑
k=1
vkrk(u) (2.3)
and
ux =
n∑
k=1
wkrk(u). (2.4)
Let
d
dit
= 
t
+ i (u) x (2.5)
be the directional derivative along the ith characteristic. We have (cf. [5])
dvi
di t
=
n∑
j,k=1
ijk (u) vjwk (i = 1, . . . , n) , (2.6)
where
ijk (u) = (k (u) − i (u)) li (u)∇rj (u) rk (u) . (2.7)
Hence, we have
ij i (u) ≡ 0, ∀ j. (2.8)
On the other hand, we have (cf. [4] or [5])
dwi
di t
=
n∑
j,k=1
ijk (u)wjwk (i = 1, . . . , n) , (2.9)
where
ijk (u) = 12
{(
j (u)−k (u)
)
li (u)∇rk (u) rj (u)−∇k (u) rj (u) ik+(j |k)
}
, (2.10)
in which (j |k) denotes all the terms obtained by changing j and k in the previous
terms. Hence,
ijj (u) ≡ 0, ∀ j = i (i, j = 1, . . . , n) (2.11)
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and
iii (u) ≡ −∇i (u) ri (u) (i = 1, . . . , n) . (2.12)
Moreover, we have (cf. [3] or [5])
d[wi(dx − i (u) dt)] =
n∑
j,k=1
ijk(u)wjwk dt ∧ dx (2.13)
and then
wi
t
+  (i (u)wi)
x
=
n∑
j,k=1
ijk (u)wjwk, (2.14)
where
ijk(u) = ijk(u) + 12
[∇i (u)rj (u)ik + (j |k)] . (2.15)
Noting (2.10), we have
ijj (u) ≡ 0, ∀ i, j. (2.16)
Lemma 2.1 (generalized Hörmander lemma). Suppose that u = u(t, x) is a piecewise
C1 solution of the system (1.1), 1 and 2 are two C1 arcs which are never tangent
to the ith characteristic direction, and D is the domain bounded by 1, 2 and two
ith characteristic curves L−i and L
+
i . Suppose furthermore that the domain D contains
m C1 discontinuous curves of u, denoted by Cˆj : x = xj (t) (j = 1, . . . , m) which are
never tangent to the ith characteristic direction. Then we have∫
1
|wi (dx − i (u) dt)| 
∫
2
|wi (dx − i (u) dt)|
+
m∑
j=1
∫
Cˆj
∣∣[wi] dx − [wii (u)] dt∣∣
+
∫ ∫
D
∣∣∣∣∣∣
n∑
j,k=1
ijk (u)wjwk
∣∣∣∣∣∣ dt dx, (2.17)
where ijk(u) is given by (2.15) and [wi] = w+i − w−i denotes the jump of wi across
the discontinuous curve Cˆj (j = 1, . . . , m), etc.
The proof can be found in [10].
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3. Centered rarefaction wave
In this section, we ﬁrst review the deﬁnition of centered rarefaction wave and then
derive some relations on the discontinuous curves, which will play an important role
in our proof.
Deﬁnition 3.1. Let
∇ = {(t, x)| t0, LtxRt} (3.1)
be an angular domain, where L, R are two constants with L < R. If u0() is a C1
function of  ∈ [L, R] with the following properties:
k(u0()) =  and du0()
d
//rk(u0()), (3.2)
then u = u0
(
x
t
) (
L xt R
)
is called a kth standard centered rarefaction wave on
∇, and (0, 0) is called the center point.
Deﬁnition 3.2. Let
∇˜ = {(t, x)| t0, xL(t)xxR(t)} (3.3)
be an angular domain, where xL(t), xR(t) are two C1 smooth functions of t with the
following properties:
xL(0) = xR(0) = 0 and L 	= dxL
dt
(0) <
dxR
dt
(0) 	= R. (3.4)
A function u = u(t, x) deﬁned on ∇˜ is called a kth centered rarefaction wave of the
system (1.1) with the center point (0,0), if the following conditions are satisﬁed:
(i) let  = x
t
and
v(t, ) =
{
u(t, t), as t > 0,
lim
→0+ u(, ), as t = 0,
(3.5)
we have
v(t, ) ∈ C1
[
∇˜
]
and
v

(0, ) = 0, ∀  ∈ [L, R], (3.6)
where
∇˜ =
{
(t, )
∣∣∣∣t0, xL(t)t  xR(t)t , as t > 0LR, as t = 0
}
; (3.7)
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(ii) u(t, x), i.e., v (t, x
t
)
satisﬁes the system (1.1) on ∇˜ \ {(0, 0)} in the classical
sense;
(iii) both boundaries x = xH (t) (H = L,R) of ∇˜ are the kth characteristic curves
passing through (0, 0), i.e.,
dxH (t)
dt
= k(u(t, xH (t))) (H = L,R), ∀ t > 0. (3.8)
A continuous function u = u(t, x) deﬁned on R+ ×R \ {(0, 0)} is called a piecewise
C1 solution of the system (1.1) with a kth centered rarefaction wave on ∇˜, if u = u(t, x)
is a kth centered rarefaction wave on ∇˜ and satisﬁes (1.1) out of ∇˜ in the classical
sense.
Deﬁnitions 3.1–3.2 can be found in [9,11].
Remark 3.1. Corresponding to a kth centered rarefaction wave, the kth characteristic
family must be genuinely nonlinear.
Lemma 3.1. Let u = u(t, x) be a piecewise C1 solution of the system (1.1) with a kth
centered rarefaction wave on ∇˜. Then on x = xH (t) (H = L,R) it holds that
v+i = v−i (i = 1, . . . , n), ∀ t > 0, (3.9)
w+i = w−i (i = 1, . . . , k − 1, k + 1, . . . , n), ∀ t > 0, (3.10)
provided that |u±| is small, where vi and wi are deﬁned by (2.1) and (2.2), respectively,
v±i = v±i (t, xH (t))
	= vi (t, xH (t) ± 0), etc.
Proof. Since u = u(t, x) is continuous on t > 0, (3.9) becomes obvious. It remains to
prove (3.10).
Noting
u+ (t, xH (t)) = u− (t, xH (t)) (H = L,R) (3.11)
and differentiating (3.11) with respect to t yields
du+ (t, xH (t))
dkt
= du
− (t, xH (t))
dkt
, (3.12)
where u± (t, xH (t)) = u (t, xH (t) ± 0) and ddkt is deﬁned by (2.5).
By (1.1) and (2.4), it is easy to see that
du
dkt
=
∑
j =k
(
k(u) − j (u)
)
wjrj (u), (3.13)
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then it follows from (3.12) that
∑
j =k
(
k
(
u+
)− j (u+))w+j rj (u+) = ∑
j =k
(
k
(
u−
)− j (u−))w−j rj (u−) . (3.14)
Multiplying (3.14) by li
(
u−
)
(i = k) and noting (3.11) gives (3.10) directly. 
Remark 3.2. A kth weak discontinuity (k ∈ JW) can be regarded as a degenerate
kth centered rarefaction wave. Therefore, Lemma 3.1 is also valid for the kth weak
discontinuity.
Lemma 3.2. On the kth shock or contact discontinuity x = xk(t), it holds that
v+i = v−i + O
(
|v±|2
)
(i = 1, . . . , k − 1, k + 1, . . . , n), (3.15)
provided that |u±| is small, where vi is deﬁned by (2.1) and v±i
	= vi (t, xk(t) ± 0).
Lemma 3.3. On the kth contact discontinuity x = xk(t), for i = 1, . . . , k − 1, k +
1, . . . , n, we have
w−i − w+i =
(
k(u
−) − i (u−)
)−2
, (3.16)
where
 =
[(
k(u
+) − i (u+)
)2 − (k(u−) − i (u−))2]w+i
+
∑
j =k
(
k(u
+) − j (u+)
)2
w+j
(
li (u
−) − li (u+)
)
rj
(
u+
)
+
∑
j =k
(
k(u
±) − j (u±)
)
w±j
(∇k (u±) rj (u±)) li (u−) (u+ − u−) , (3.17)
wi is deﬁned by (2.2) and w±i = w±i (t, xk(t))
	= wi (t, xk(t) ± 0).
Lemma 3.4. On the kth shock x = xk(t), for i = 1, . . . , k − 1, k + 1, . . . , n, we have
w−i − w+i =
(
k(u
−, u+) − i (u−)
)−2
(1 +2), (3.18)
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where k
(
u−, u+
)
is the kth eigenvalue of the matrix 1
A(u−, u+) 	=
∫ 1
0
∇f (u− + (u+ − u−)) d,
and
1 =
[(
k(u
−, u+) − i (u+)
)2 − (k(u−, u+) − i (u−))2]w+i
+
∑
j =k
(
k(u
−, u+) − j (u+)
)2
w+j
(
li (u
−) − li (u+)
)
rj
(
u+
)
+
⎧⎨⎩∑
j =k
(
k(u
−, u+) − j (u−)
)
w−j
(∇u−k (u−, u+) rj (u−))
+
∑
j =k
(
k(u
−, u+) − j (u+)
)
w+j
(∇u+k (u−, u+) rj (u+))
⎫⎬⎭
× li (u−)
(
u+ − u−) , (3.19)
2 =
(
k(u
−, u+) − k(u+)
)2
w+k
(
li (u
−) − li (u+)
)
rk
(
u+
)
+ {(k(u−, u+) − k(u−))w−k (∇u−k (u−, u+) rk (u−))
+ (k(u−, u+) − k(u+))w+k (∇u+k (u−, u+) rk (u+))} li (u−)
×(u+ − u−) . (3.20)
Lemmas 3.2–3.4 have been proved in [8]. By Lemmas 3.3–3.4, we have
Corollary 3.1. On the kth shock or kth contact discontinuity x = xk(t), it holds that
w−i = w+i + O
⎛⎝|u+ − u−| ·∑
j =k
|w±j |
⎞⎠+ O (|u+ − u−|2 · |w±k |) (i = k), (3.21)
provided that |u+ − u−| is suitably small.
1 By (1.2), if |u+ − u−| is suitably small, then the matrix A(u−, u+) has n distinct real eigenvalues:
1
(
u−, u+
)
< 2(u
−, u+) < · · · < n
(
u−, u+
)
.
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Proof. Noting that |u+ − u−| is suitably small, we have (cf. [9])
k(u
−, u+) = k(u
−) + k(u+)
2
+ O(|u+ − u−|2). (3.22)
Hence, from (3.16)–(3.20) we obtain (3.21) immediately. 
4. Blowup phenomena—proof of Theorems 1.1–1.2
For the sake of simplicity and without loss of generality, we may suppose that
0 < 1 (0) < 2 (0) < · · · < n (0) (4.1)
and ∣∣uˆ±∣∣ . (4.2)
By the existence and uniqueness of local classical discontinuous solutions of quasi-
linear hyperbolic systems of conservation laws (cf. [11]), when  > 0 is suitably small,
the generalized Riemann problem (1.1), (1.10) admits a unique piecewise C1 solution
u = u(t, x), containing shocks, contact discontinuities and rarefaction waves, with small
amplitude on the strip 0 th, where h > 0 is a small number; moreover, this solution
possesses a local structure similar to that of the corresponding similarity solution. In
order to prove Theorem 1.1, we ﬁrst establish some uniform a priori estimates on u
and ux on some parts of the existence domain of u = u (t, x).
By (4.1), there exist two positive constants  and 0 so small that
i+1 (u) − i (v) 40, ∀ |u|, |v| (i = 1, . . . , n − 1) , (4.3)
|i (u) − i (v) | 02 , ∀ |u|, |v| (i = 1, . . . , n) . (4.4)
For the time being it is supposed that on the existence domain of the piecewise C1
solution u = u (t, x) we have
|u (t, x) |. (4.5)
At the end of the proof of Lemma 4.5, we shall explain that this hypothesis is reason-
able.
By (4.1) and (4.5), on the existence domain of the piecewise C1 solution we have
0 < 1 (u) < 2 (u) < · · · < n (u) , (4.6)
provided that  is suitably small.
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For any ﬁxed T > 0, let
DT− = {(t, x) | 0 tT , x − t} , (4.7)
DT0 = {(t, x) | 0 tT , −tx (1 (0) − 0) t} , (4.8)
DT+ = {(t, x) | 0 tT , x (n (0) + 0) t} , (4.9)
DT = {(t, x) | 0 tT , (1 (0) − 0) tx (n (0) + 0) t} . (4.10)
Moreover, for i = 1, . . . , n, introduce
DTi =
{
(t, x) | 0 tT ,− [0 + 	 (i (0) − 1 (0))] tx − i (0) t

[
0 + 	 (n (0) − i (0))
]
t
}
, (4.11)
where 	 > 0 is suitably small.
Noting that 	 > 0 is small, we observe from (4.3) that
DTi
⋂
DTj = ∅, ∀ i = j (4.12)
and
n⋃
i=1
DTi ⊂ DT . (4.13)
Similar to Lemmas 4.1–4.2 in [8], we have
Lemma 4.1. For each i = 1, . . . , n, on the domain DT \DTi we have
ct |x − i (0) t |Ct, cx |x − i (0) t |Cx, (4.14)
where c and C are two positive constants independent of , ε and T.
Lemma 4.2. On the existence domain 0 tT of the piecewise C1 solution u =
u (t, x), for each i ∈ {1, . . . , n}, the whole ith shock or contact discontinuity or rar-
efaction wave is included in DTi , provided that  is suitably small.
Let
V ∞
(
DT±
)
= max
i=1,...,n‖ (1 + |x|) (vi (t, x) − vˆ
±
i )‖L∞(DT±), (4.15)
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W∞
(
DT±
)
= max
i=1,...,n‖ (1 + |x|) wi (t, x) ‖L∞
(
DT±
), (4.16)
V ∞
(
DT0
)
= max
i=1,...,n‖ (1 + t) (vi (t, x) − vˆ
−
i )‖L∞(DT0 ), (4.17)
W∞
(
DT0
)
= max
i=1,...,n‖ (1 + t) wi (t, x) ‖L∞
(
DT0
), (4.18)
Wc∞ (T ) = max
i=1,...,n sup
(t,x)∈DT \DTi
(1 + |x − i (0) t |) |wi (t, x) |, (4.19)
W1 (T ) = max
i=1,...,n sup0 tT
∫
DTi (t)
|wi (t, x) | dx, (4.20)
WJS∞ (T ) = max
{
max
j∈JS
‖(1 + t)
(
j
(
uˆ(j−1), uˆ(j)
)
− j
(
uˆ(j)
))
wj (t, x) ‖
L∞
(
DTj,R
),
max
j∈JS
‖(1 + t)
(
j
(
uˆ(j−1), uˆ(j)
)
− j
(
uˆ(j−1)
))
wj (t, x)
‖
L∞
(
DTj,L
)} , (4.21)
V∞ (T ) = max
i=1,...,n sup0 tT
x∈R
|vi (t, x) |, (4.22)
where DTi (t) (t0) denotes the t-section of DTi :
DTi (t) =
{
(, x) |  = t, (, x) ∈ DTi
}
(i = 1, . . . , n), (4.23)
uˆ(j−1) (resp. uˆ(j)) stands for the constant state, to the left (resp. right) side of the jth
shock, in the Lax’s Riemann solution u = U ( x
t
)
of the Riemann problem (1.1), (1.7),
DTj,L
(
resp. DTj,R
)
denotes the part, to the left (resp. right) side of the jth shock, of
DTj , moreover
vˆ±i = li (uˆ±)uˆ± (i = 1, . . . , n). (4.24)
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Obviously, V∞ (T ) is equivalent to
U∞ (T ) = max
i=1,...,n sup0 tT
x∈R
|ui (t, x) |. (4.25)
In (4.5), (4.19), (4.22) and (4.25), on any discontinuous curve x = xk(t) the values of
ui(t, x), vi(t, x) and wi(t, x) are taken to be u±i (t, x) = ui (t, xk(t) ± 0), v±i (t, x) =
vi (t, xk(t) ± 0) and w±i (t, x) = wi (t, xk(t) ± 0).
Similar to Lemma 3.2 in [6], we have
Lemma 4.3. Under the assumptions of Theorem 1.1, for small  > 0 there exists a
constant ε0 > 0 so small that for any ﬁxed ε ∈ (0, ε0], on any given existence domain
0 tT of the piecewise C1 solution u = u (t, x) of the generalized Riemann problem
(1.1), (1.10) there exists a positive constant k1 independent of , ε and T, such that
V ∞
(
DT±
)
, V ∞
(
DT0
)
, W∞
(
DT±
)
, W∞
(
DT0
)
k1ε. (4.26)
On the other hand, we have
Lemma 4.4. Under the assumptions of Theorem 1.1, for small  > 0 there exists
a constant ε0 > 0 so small that for any ﬁxed ε ∈ (0, ε0], on any given existence
domain 0 tT of the piecewise C1 solution u = u (t, x) of the generalized Riemann
problem (1.1), (1.10) there exist positive constants k2, k3 independent of , ε and T,
such that the following uniform a priori estimates hold on any discontinuous curve
x = xk(t) (k ∈ {1, . . . , n}):∣∣v+i (t, xk(t)) − v−i (t, xk(t))∣∣ k2V 2∞(T ), ∀ i = k, (4.27)∣∣w+i (t, xk(t)) − w−i (t, xk(t))∣∣ , ∣∣(wii (u))+ (t, xk(t)) − (wii (u))− (t, xk(t))∣∣
k3 (1 + t)−1 V∞(T )
{
Wc∞(T ) + WJS∞ (T )
}
, ∀ i = k. (4.28)
Proof. By (4.5), (4.27) directly follows from (3.9) and (3.15). On the other hand,
noting (4.3)–(4.5) and (4.14), from (3.10), (3.16) and (3.18) we obtain the desired
(4.28) immediately. Here we have made use of the fact that, on each domain where
u = u(t, x) satisﬁes (1.1) in the classical sense, u is close to the corresponding constant
state in the Lax’s Riemann solution u = U ( x
t
)
of the Riemann problem (1.1), (1.7).
This fact can be easily shown by the implicit function theorem, Lemma 4.3 and the
following Lemma 4.5 (see [8] for the details). 
Lemma 4.5. Under the assumptions of Theorem 1.1, for small  > 0 there exists a
constant ε0 > 0 so small that for any ﬁxed ε ∈ (0, ε0], on any given existence domain
0 tT of the piecewise C1 solution u = u (t, x) of the generalized Riemann problem
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(1.1), (1.10) there exists a positive constant k4 independent of , ε and T, such that
the following uniform a priori estimates hold:
Wc∞ (T ) ε| log ε|, (4.29)
W1 (T ) ε| log ε|2, (4.30)
WJS∞ (T ) ε| log ε|, (4.31)
U∞ (T ) , V∞ (T ) k4, (4.32)
where T satisﬁes
T εM∗, (4.33)
in which M∗ > M is a positive constant independent of , ε and T, and M is deﬁned
by (1.21).
Proof. We ﬁrst estimate
W˜1 (T ) = max
i=1,...,n maxj =i sup
C˜j
∫
C˜j
|wi (t, x) | dt, (4.34)
where C˜j (j = i) stands for any given jth characteristic in DTi . Let
C˜j : x = xj (t)
(
t∗ t t∗
)
, (4.35)
where t∗, t∗ are the time coordinates of the intersection points, denoted by P∗(
t∗, xj (t∗)
)
and P∗
(
t∗, xj (t∗)
)
, respectively, of C˜j with the boundary of DTi , and
satisfy 0 t∗ t∗T . By Lemma 4.2, the whole ith wave (shock or contact dis-
continuity or rarefaction wave) is included in DTi . In what follows, we only con-
sider the case of rarefaction wave, while other cases can be dealt with in a manner
similar to [8]. Let P1
(
t1, xj (t1)
) (
resp.P2
(
t2, xj (t2)
))
be the intersection point of
C˜j with the left (resp. right) boundary of the rarefaction wave. Passing through P∗(
t∗, xj (t∗)
) (
resp. P∗
(
t∗, xj (t∗)
))
, we draw the ith characteristic which intersects the
straight line x = (1 (0) − 0) t (resp. x = (n (0) + 0) t) at a point A∗
(
y∗
1(0)−0 , y∗
)
(
resp. A∗
(
y∗
n(0)+0 , y
∗
))
. It is easy to see that∫
C˜j
|wi (t, x) | dt =
∫ t1
t∗
|wi
(
t, xj (t)
) | dt + ∫ t2
t1
|wi
(
t, xj (t)
) | dt
+
∫ t∗
t2
|wi
(
t, xj (t)
) | dt. (4.36)
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We now estimate
∫ t∗
t2
∣∣wi (t, xj (t))∣∣ dt .
Applying (2.17) on the domain P2OA∗P∗ bounded by the right boundary of the
rarefaction wave, C˜j , the ith characteristic passing through A∗ and the straight line
x = (n(0) + 0) t , we have∫ t∗
t2
∣∣wi (t, xj (t))∣∣ ∣∣j (u (t, xj (t)))− i (u (t, xj (t)))∣∣ dt

∫ y∗
n(0)+0
0
|wi (t, (n(0) + 0) t)| (n(0) + 0 − i (t, (n(0) + 0) t)) dt
+
∑
m∈S1
∫
Cˆm
∣∣([wi] x′m(t) − [wii (u)]) dt∣∣
+
∫ ∫
P2OA∗P∗
∣∣∣∣∣∣
n∑
j,k=1
ijk(u)wjwk
∣∣∣∣∣∣ dt dx, (4.37)
where S1 stands for the set of all indices m such that the mth discontinuous curve
(shock or contact discontinuity) Cˆm : x = xm(t) is partly contained in the domain
P2OA∗P∗, and
x′m(t) =
dxm(t)
dt
=
{
m
(
u±
)
, as m ∈ I,
m
(
u−, u+
)
, as m ∈ JS.
Noting (3.10), in (4.37) we need not consider the case that the mth wave is a rarefaction
wave or weak discontinuity. Using (4.3), (4.5), (4.14), (4.26), (4.28) and noting i /∈ S1
and (2.16), we obtain∫ t∗
t2
∣∣wi (t, xj (t))∣∣ dt  C1k1ε log(1 + T ) + C2 {V∞(T )Wc∞(T ) log(1 + T )
+V∞(T )WJS∞ (T ) log(1 + T ) +
(
Wc∞(T ) log(1 + T )
)2
+ W1(T )Wc∞(T ) log(1 + T )
}
, (4.38)
henceforth Ci (i = 1, 2, . . .) will denote positive constants independent of , ε and
T. Similarly, we have∫ t1
t∗
∣∣wi (t, xj (t))∣∣ dt  C3k1ε log(1 + T ) + C4 {V∞(T )Wc∞(T ) log(1 + T )
+V∞(T )WJS∞ (T ) log(1 + T ) +
(
Wc∞(T ) log(1 + T )
)2
+ W1(T )Wc∞(T ) log(1 + T )
}
, (4.39)
∫ t2
t1
∣∣wi (t, xj (t))∣∣ dtC5 {(Wc∞(T ) log(1 + T ))2 + W1(T )Wc∞(T ) log(1 + T )} . (4.40)
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Thus, we get
W˜1 (T )  C6ε log(1 + T ) + C7
{
V∞(T )Wc∞(T ) log(1 + T )
+V∞(T )WJS∞ (T ) log(1 + T ) +
(
Wc∞(T ) log(1 + T )
)2
+ W1(T )Wc∞(T ) log(1 + T )
}
. (4.41)
Similarly, we can prove
W1 (T )  C8ε log(1 + T ) + C9
{
V∞(T )Wc∞(T ) log(1 + T )
+V∞(T )WJS∞ (T ) log(1 + T ) +
(
Wc∞(T ) log(1 + T )
)2
+ W1(T )Wc∞(T ) log(1 + T )
}
. (4.42)
We next estimate Wc∞ (T ).
For any given point (t, x) ∈ DT but (t, x) /∈ DTi (i = 1, . . . , n), by the deﬁnition of
DTi , for ﬁxing the idea we may suppose that
x − i (0) t >
[
0 + 	 (n (0) − i (0))
]
t, (4.43)
which implies i < n. Let  = xi (s; t, x) be the ith characteristic passing through (t, x),
which intersects the boundary x = (n (0) + 0) t of DT at a point (t0, y).
Noting (4.4), we observe that
x −
(
i (0) + 02
)
ty −
(
i (0) + 02
)
t0. (4.44)
Since
y = (n (0) + 0) t0, (4.45)
noting (4.43) and t t0, we obtain from (4.44) that
t t0	t. (4.46)
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Integrating (2.9) along  = xi (s; t, x), we get
wi (t, x) = wi (t0, y) +
∑
m∈S2
[wi]m +
∫ t
t0
n∑
j,k=1
ijk (u)wjwk (s, xi (s; t, x)) ds, (4.47)
where S2 denotes the set of all indices m such that the ith characteristic  = xi(s; t, x)
intersects the mth discontinuous curve x = xm(t) at a point (tm, xm (tm)), and [wi]m =
wi (tm, xm (tm) + 0) − wi (tm, xm (tm) − 0). Noting (4.26) and (4.45)–(4.46), we have
|wi (t0, y) |k1ε (1 + y)−1 C10ε (1 + t0)−1 C11ε (1 + t)−1 . (4.48)
Then, noting (2.11) and i /∈ S2 and using (4.14), (4.28) and (4.46), we obtain from
(4.47) that
Wc∞ (T )  C12ε + C13
{
V∞(T )Wc∞(T ) + V∞(T )WJS∞ (T )
+ (Wc∞(T ))2 log(1 + T ) + Wc∞(T )W˜1 (T )} . (4.49)
We now estimate WJS∞ (T ).
For any ﬁxed point (t, x) ∈ DT and j ∈ JS, let  = xj (s; t, x) be the jth charac-
teristic passing through (t, x), which intersects the boundary of DT at a point (t0, y).
Integrating (2.9) along  = xj (s; t, x) leads to
wj(t, x) = wj(t0, y) +
∑
m∈S3
[
wj
]
m
+
∫ t
t0
n∑
i,k=1
jik (u)wiwk
(
s, xj (s; t, x)
)
ds, (4.50)
where S3 denotes the set of all indices m such that the jth characteristic  = xj (s; t, x)
intersects the mth discontinuous curve x = xm(t) at a point (tm, xm (tm)), and
[
wj
]
m
=
wj (tm, xm (tm) + 0)−wj (tm, xm (tm) − 0). Without loss of generality, we only consider
the case of the jth characteristic to the right side of the jth shock. Noting (4.26), (4.28),
(4.14), (2.11)–(2.12) and using Proposition 4.1 in [8], we obtain from (4.50) that
(1 + t)
(
j
(
uˆ(j−1), uˆ(j)
)
− j
(
uˆ(j)
))
|wj(t, x)|
C14
{
ε + V∞(T )Wc∞(T ) + V∞(T )WJS∞ (T )
+ (Wc∞(T ))2 log(1 + T ) + Wc∞(T )W˜1(T )
+
(
WJS∞ (T )
)2
log(1 + T )
}
, ∀ (t, x) ∈ DTj,R. (4.51)
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For any (t, x) ∈ DTj,L, we have a similar estimate. Thus we get
WJS∞ (T )  C14
{
ε + V∞(T )Wc∞(T ) + V∞(T )WJS∞ (T ) + Wc∞(T )W˜1(T )
+ (Wc∞(T ))2 log(1 + T ) + (WJS∞ (T ))2 log(1 + T )} .  (4.52)
We ﬁnally estimate V∞(T ).
For the similarity solution u = U ( x
t
)
with small amplitude of the Riemann problem
(1.1), (1.7), by (1.9) we have (cf. [9])∣∣∣uˆ(i) − uˆ(i−1)∣∣∣ C15 (i = 1, . . . , n) (4.53)
and ∣∣∣vˆ(i) − vˆ(i−1)∣∣∣ C16 (i = 1, . . . , n), (4.54)
where vˆ(i) is deﬁned by (2.1) corresponding to uˆ(i).
For each i ∈ I , on the ith contact discontinuity x = xi(t), it holds that (cf. [10])∣∣v+i − v−i ∣∣ C17 + C18V∞(T )Wc∞(T ) log(1 + T ). (4.55)
For each j ∈ JS, on the jth shock x = xj (t), we have
vj (t, xj (t) + 0) = vj (0, y+) +
∑
m∈S+
[vj ]m
+
∫ t
0
n∑
l,k=1
ilk(u)vlwk
(
s, j (s; t, xj (t) + 0)
)
ds, (4.56)
vj (t, xj (t) − 0) = vj (0, y−) +
∑
m∈S−
[vj ]m
+
∫ t
0
n∑
l,k=1
ilk(u)vlwk
(
s, j (s; t, xj (t) − 0)
)
ds, (4.57)
where (0, y±) stand for the intersection points of the x-axis with the jth characteristic,
denoted by  = j (s; t, xj (t) ± 0), passing through (t, xj (t)) to the right (+), left
(−) side of the jth shock, and S± denote the set of all indices m such that the jth
characteristic  = j (s; t, xj (t) ± 0) intersects the mth discontinuous curve x = xm(t)
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at a point (tm, xm (tm)), and
[
vj
]
m
= vj (tm, xm (tm) + 0)−vj (tm, xm (tm) − 0). Noting
(1.9)–(1.10), (1.12), (4.27), (4.26) and (2.8), we obtain from (4.56)–(4.57) that∣∣vj (t, xj (t) + 0) − vj (t, xj (t) − 0)∣∣  C19 + (V∞(T ))2 + C20V∞(T ) {k1ε log(1 + T )
+ W˜1(T ) + Wc∞(T ) log(1 + T )
}
, (4.58)
provided that ε > 0 is suitably small.
For any given point (t, x) ∈ DT , we have
v(t, x) = v(t, x0) +
∑
m∈S4
[v]m +
∫ x
x0
v(t, ) d, (4.59)
where (t, x0) is located on the left boundary of DT , S4 denotes the set of all indices
m such that the mth discontinuous curve x = xm(t) intersects the set {(, )|  =
t, x0x} and [v]m = v (t, xm (t) + 0) − v (t, xm (t) − 0). Thus, noting (2.1), (2.4),
(4.5) and using Lemmas 4.3, 3.2, (4.55) and (4.58), we obtain from (4.59) that, for
any given point (t, x) ∈DT ,
|v(t, x)|  C21
{
 + (V∞(T ))2 + V∞(T )
[
k1ε log(1 + T ) + W˜1(T )
+ Wc∞(T ) log(1 + T )
]
+ W1(T ) + Wc∞(T ) log(1 + T )
}
. (4.60)
Hence, noting Lemma 4.3 again, we get
V∞(T )  C22
{
 + (V∞(T ))2 + V∞(T )
[
k1ε log(1 + T ) + W˜1(T )
+ Wc∞(T ) log(1 + T )
]
+ W1(T ) + Wc∞(T ) log(1 + T )
}
. (4.61)
We now prove (4.29)–(4.32) and
W˜1 (T ) ε| log ε|, (4.62)
provided that (4.33) is satisﬁed.
Noting (1.10) and (1.12), by [11] and Lemma 4.3 we have
U∞(0), V∞(0)C23, W1(0) = W˜1(0) = 0, Wc∞(0), WJS∞ (0)C24ε. (4.63)
Hence, by continuity there exists a positive constant k4 (k4 > C23) independent of , ε
and T such that (4.29)–(4.32) and (4.62) hold at least for 0T 0, where 0 is a
small positive number. Thus, in order to prove (4.29)–(4.32) and (4.62) it sufﬁces to
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show that we can choose k4 in such a way that for any ﬁxed T0 (0 < T0T ) such
that
Wc∞ (T0) , WJS∞ (T0)2ε| log ε|, (4.64)
W1 (T0) , W˜1 (T0) 2ε| log ε|2, (4.65)
U∞(T0), V∞(T0)2k4, (4.66)
we have
Wc∞ (T0) , WJS∞ (T0)ε| log ε|, (4.67)
W1 (T0) , W˜1 (T0) ε| log ε|2, (4.68)
U∞(T0), V∞(T0)k4, (4.69)
provided that (4.33) holds.
In fact, substituting (4.64)–(4.66) into the right-hand side of (4.41)–(4.42), (4.49),
(4.52) and (4.61) (in which we take T = T0) gives
W1 (T0) , W˜1 (T0) C25ε| log ε| + C26
{
k4ε| log ε|2 + ε2| log ε|4
}
, (4.70)
Wc∞ (T0) C12ε + C27
{
k4ε| log ε| + ε2| log ε|3
}
, (4.71)
WJS∞ (T0)C28
{
ε + k4ε| log ε| + ε2| log ε|3
}
, (4.72)
U∞(T0), V∞(T0)C29
{
 + (k4)2 + k4
[
ε| log ε| + ε| log ε|2
]
+ ε| log ε|2
}
, (4.73)
provided that (4.33) is satisﬁed. Taking k4 > max{C23, 2C29} and noting that  and ε
are suitably small, from (4.70)–(4.73) we obtain (4.67)–(4.69) immediately.
Finally, we point out that when  > 0 is suitably small, by (4.32) we have
U∞ (T ) k4 12 .
This implies the reasonableness of the hypothesis (4.5). Thus, the proof is completed.

Lemma 4.6. Under the assumptions of Theorem 1.1, for small  > 0 there exists a
constant ε0 > 0 so small that for any ﬁxed ε ∈ (0, ε0], the generalized Riemann
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problem (1.1), (1.10) admits a unique piecewise C1 solution u = u(t, x) on the strip[
0, 
ε−1
]×R, where 
 (0 < 
 < M) is a constant independent of  and ε. Moreover,
there exists a positive constant k5 independent of  and ε such that the following
estimates hold:
|wi(t, x)| k5ε, ∀ (t, x) ∈
[
0, 
ε−1
]
× R, ∀ i ∈ {1, . . . , n}, (4.74)
where, on any discontinuous curve x = xk(t) (k ∈ {1, . . . , n}), the values of wi(t, x)
are taken to be w±i (t, x) = wi (t, xk(t) ± 0).
Proof. By the existence and uniqueness of local classical discontinuous solutions of
quasilinear hyperbolic systems of conservation laws (cf. [11]), when  > 0 is suitably
small, the generalized Riemann problem (1.1), (1.10) admits a unique piecewise C1
solution u = u(t, x), containing shocks, contact discontinuities and rarefaction waves,
with small amplitude on the strip 0 th, where h > 0 is a small number. In order
to prove Lemma 4.6, it sufﬁces to establish the uniform a priori estimates on u and
ux on the strip
[
0, 
ε−1
]× R, where 
 (0 < 
 < M) is a constant, to be determined
later, independent of  and ε.
Clearly, it follows from Lemma 4.5 that
|u(t, x)| k4 (4.75)
on any given existence domain 0 tT of the piecewise C1 solution u = u (t, x),
where T satisﬁes (4.33). Therefore, in order to prove Lemma 4.6, it sufﬁces to prove
(4.74).
To do so, we introduce
W(t) = max
i∈{1,...,n} sup(,x)∈[0, t]×R
|wi(, x)|. (4.76)
For any ﬁxed point (t, x) on the existence domain of u = u (t, x), let  = xi (s; t, x)
be the ith characteristic passing through (t, x), which intersects the x-axis at a point
(0, y). Integrating (2.9) along  = xi (s; t, x) leads to
wi(t, x) = wi(0, y) +
∑
m∈S5
[wi]m +
∫ t
0
n∑
j,k=1
ijk (u)wjwk (s, xi (s; t, x)) ds, (4.77)
where S5 denotes the set of all indices m such that the ith characteristic  = xi(s; t, x)
intersects the mth discontinuous curve x = xm(t) at a point (tm, xm (tm)), and [wi]m =
wi (tm, xm (tm) + 0) − wi (tm, xm (tm) − 0).
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Noting (3.10), (3.16), (3.18) and (4.75), we obtain from (4.77) that
W(t)W(0) + C30W(t) + C31
∫ t
0
W 2() d. (4.78)
Notice that  > 0 is suitably small. Then it follows from (4.78) that
W(t)2W(0) + 2C31
∫ t
0
W 2() d. (4.79)
Noting (1.10) and (1.12), we obtain from (4.79) that
W(t)C32ε + 2C31
∫ t
0
W 2() d.
This gives
W(t)2C32ε as t ∈
[
0, (4C31C32ε)−1
]
.
Taking

 = (4C31C32)−1 and k5 = 2C32,
we get the desired estimate (4.74). This completes the proof. 
Lemma 4.7. Under the assumptions of Lemma 4.6, there exists a positive constant k6
independent of  and ε such that the following estimates hold:
∣∣[wi]j (t)∣∣ k6ε, ∀ t ∈ [0, 
ε−1] , ∀ i = j, (4.80)
where [wi]j (t) denotes the jump of wi across the jth discontinuous curve x = xj (t),
i.e., [wi]j (t) = wi
(
t, xj (t) + 0
)− wi (t, xj (t) − 0).
Proof. By (4.32) and (4.74), (4.80) comes from (3.10) and (3.21) directly. 
Lemma 4.8. Under the assumptions of Lemma 4.6, on the existence domain of the
piecewise C1 solution u = u (t, x), it holds that
∣∣[wi]j (t)∣∣ ε, t
ε−1, ∀ i = j. (4.81)
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Proof. Noting (4.29), (4.31) and (4.32), we obtain from (4.28) that
∣∣[wi]j (t)∣∣  C33 (1 + 
ε−1)−1 (1 + )ε| log ε|
 C34ε2| log ε|
 ε,
t
ε−1, ∀ i = j,
provided that  > 0 is suitably small. This completes the proof. 
Proof of Theorem 1.1. By (2.1)–(2.2), we have
t = 0 : vi = vˆ±i + ε˜i (x) + O(ε2), wi = ε˜
′
i (x) + O(ε2) (i = 1, . . . , n), (4.82)
where
vˆ±i =
{
li
(
uˆ−
)
uˆ−, x0,
li
(
uˆ+
)
uˆ+, x0
and ˜i (x) =
{
li
(
uˆ−
)
u−(x), x0,
li
(
uˆ+
)
u+(x), x0.
(4.83)
On the other hand, noting (1.11)–(1.12), without loss of generality, we may suppose
that there exists a point x0 > 0 such that
i0i0i0
(
uˆ+
)
> 0 and ˜′i0(x0) > 0. (4.84)
Let x = xi0(t, x0) be the i0th characteristic passing through the point (0, x0). It is easy
to see that the characteristic x = xi0(t, x0) must enter DTi0 at a ﬁnite time t02x0/0
and stay in DTi0 for t > t0. Denote the intersection point of this characteristic with the
line x = [i (0) + 0 + 	 (n (0) − i (0))] t by (T0, X0). Then, integrating (2.9) along
x = xi0(t, x0) gives
wi0 (T0, X0) = wi0(0, x0) +
∑
m∈S6
[
wi0
]
m
+
∫ T0
0
n∑
j,k=1
i0jk (u)wjwk
(
s, xi0(s, x0)
)
ds, (4.85)
where S6 denotes the set of all indices m such that the ith characteristic x = xi0(t, x0)
intersects the mth discontinuous curve x = xm(t) at a point (tm, xm (tm)), and
[
wi0
]
m
=
wi0 (tm, xm (tm) + 0)−wi0 (tm, xm (tm) − 0). Noting (1.10), (1.12) and the fact that i0 /∈
S6, and using Lemmas 4.3, 4.5 and 4.7–4.8, we obtain from (4.85) that
|wi0 (T0, X0) − wi0(0, x0)|C35ε + C36ε2| log ε|2, (4.86)
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provided that  > 0 is suitably small. Then, along x = xi0(t, x0) we consider the
following initial value problem for ODE:
⎧⎪⎨⎪⎩
dwi0
di0 t
=
n∑
j,k=1
i0jk (u)wjwk, for tT0,
t = T0 : wi0 = wi0 (T0, X0) .
(4.87)
In a manner similar to the proof of Theorem 1.3 in [6], we can prove Theorem 1.1
without any essential difﬁculty. Here we omit the details. 
Proof of Theorem 1.2. Under the assumptions of Theorem 1.2, make the following
transformation:
u˜ = u − u¯− (resp. u˜ = u − u¯+). (4.88)
Thus, the problem considered here can be reduced to a semi-Cauchy problem deﬁned
on x0 (resp. x0). In the present situation, the Cauchy problem has been studied
very well, and the conclusion of Theorem 1.2 follows directly from the result given in
[6]. 
5. Conclusions
We have proved the global structure instability of the Lax’s Riemann solution u =
U(x
t
), containing rarefaction waves and other weak discontinuities, of general n × n
quasilinear hyperbolic system of conservation laws, by means of showing that the
piecewise C1 solution u = u(t, x) of the corresponding generalized Riemann problem
blows up in a ﬁnite time. Moreover, we also give an asymptotic behavior of the life-
span of the piecewise C1 solution u = u(t, x). In this case, new waves (shocks) will
appear in a ﬁnite time (cf. [1,7]). Combining Theorems 1.1–1.2 and the results in [8],
we obtain
Main conclusion: The Lax’s Riemann solution of general n×n quasilinear hyperbolic
system of conservation laws is globally structurally stable if and only if it contains only
non-degenerate shocks and contact discontinuities (that is, each wave is either non-
degenerate shock or non-degenerate contact discontinuity), but no rarefaction waves
and other weak discontinuities.
As we know, the amplitude of the Lax’s Riemann solution is small. However, in
Theorem 1.2, we do not require that the amplitude of the similarity solution is small.
As an application, for the system of one-dimensional gas dynamics, if its similarity
solution has a centered rarefaction wave, then the centered rarefaction wave must be
the leftmost or rightmost wave. Therefore, by Theorem 1.2 this kind of similarity
solutions must be globally structurally instable.
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On the other hand, in the proof of Theorem 1.1 we indeed need the condition that the
amplitude of the similarity solution is small. However this condition is only a technical
assumption, we do not think it is essential. Therefore, we have
Conjecture. The similarity solution of general n × n quasilinear hyperbolic system
of conservation laws is globally structurally stable if and only if it contains only
non-degenerate shocks and contact discontinuities (that is, each wave is either non-
degenerate shock or non-degenerate contact discontinuity), but no rarefaction waves
and other weak discontinuities.
In this conjecture, we do not require the amplitude of the similarity solution is small,
although the existence of similarity solutions with non-small amplitude still remains
open.
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